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[Abstract]

Rotation in principal component analysis (PCA) is justified from projective point of view.
PCA is interpreted as orthogonal projection of data, and components are constructed as
coordinates of the projected data with respect to some basis. From the viewpoint of
projection, any bases for the space of the projected data are equally valid, but a particular one
may have substantive meaning in the research area. Transition from the current basis to
another one induces change in coordinates, which is represented by transformation matrix,
orthogonal or oblique.

Optimal orthogonal projection is obtained from the singular value decomposition (SVD)
of the data matrix and results in the solution numerically equivalent to usual PCA. But, from
the viewpoint of projection, transformation of components is interpreted as transformation of
coordinates induced by change of bases, which can be understood geometrically with clear
intuition. The principal components in usual PCA are coordinates of the projected data for

the basis composed of right singular vectors of the data matrix.

Introduction

When principal components of data matrix Z. are extracted successively with a certain
optimal criterion, which constrains components to be orthogonal with each other, directions of
the components are uniquely determined, except for reflection. Because of this uniqueness of
the components with respect to the optimality condition, rotation in principal component

analysis (PCA) is inhibited (e.g. Timm, 1975, p. 540). Against this theoretical criticism of the
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rotation, users of PCA may feel that rotation of principal components is useful from substantive
point of view, i.e. rotated components have substantive meanings. Justification of the rotation

is discussed in this paper.

A Justification

Let Z be a standardized data matrix of order nxk with elements z,, which represents
the value of the ;th variable for the ith case. PCA can be done using the singular value
decomposition (SVD) of Z/n"?

! :
—FL=UAV’,

where U and V are column orthonormal matrices of order nxs and kxs, respectively.

s istherank of Z and A isa diagonal matrix with nonnegative elements. We can put
U= [U\Uz]’ V= [VIVZ]

and

A0 , .
A= 0 A LA = . A, = - AZA, 24 >0
: 0 pl 0 A

¥ s

where U, and U, are of order nxr and nx(s—r), and V, and V, of order kxr
and kx(s—r). For PCA with » principal components, we derive the following

decomposition
Z=7Z(V\V))+Z[1-(VV/)] 0
—ZP+Z{1-P)
where P=V,V/. P isa orthogonal projection, i.e. satisfies the following two conditions
P°’=P, and P'=P
Two parts of the sum are orthogonal with each other,
(zP)z(1-P)] =z(P-P* )2’ =0
¥ principal components C = [c1 ---cr] are given by the following equation (e. g. Yanai et
al., 1990, p. 230),
C=ZVA,' =n"U,
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Hence, we have
VASS C(AIVII) = [cl ”‘cr](AlVll) (2)
Eq. (2) shows that the first term of the decomposition (1) is a space spanned by the r

principal components. With any nonsingular matrix T of order rx#, we can transform

eq. (2) as follows,

zP =(CT){T (A,V))} 3)
Eq. (3) means that the space spanned by the initial set of principal components can be also
spanned by CT , which are components derived by rotation T for basis T’I(AIVI').
When we decompose Z. with the initial # principal components as eq. (1), the term ZP,
which is spanned by the initial principal components does not change under rotation T as is

shown by eq. (3). This invariance of the space ZP justifies rotation of principal

components.

More Technical Details

Ten Berge and Kiers (1996)” classifies PCAs into three types, Hotelling PCA, Pearson
PCA and Rao PCA. In Hotelling PCA, components ZW is extracted so that
1 ’
tr{_(zw) (zw )} @
n
is maximized under the constraint
WW=I, (5)

where W:[Wl---w ] is a matrix of weights for » components. For any orthogonal

rotation T, we have
zr{l (ZWT) (ZWT)} - zr{i (zwW) (ZW)}
n n

and

’

(WT)(WT)=TWWT=TT=1
That is, if ZW maximizes eq. (4) under the constraint (5), ZWT also do the same. Hence,
in Hotelling PCA, orthogonal rotation is allowed.
In Pearson PCA or Rao PCA, linear combinations ZWP' of components ZW are used

to approximate the data Z. or the correlation matrix Z'Z/n, where P is a pattern matrix.
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Because

ZWP = (zwT)p(T)")
for any nonsingular matrix T, any rotation, which may be oblique, can be performed in
Pearson PCA or in Rao PCA.
According to ten Berge and Kiers, among the three types of PCA, only Hotelling PCA
does not allow principal components to be rotated obliquely. But projective interpretation of

Hotelling PCA, which is presented in this paper, accepts oblique rotation.

Projective Interpretation of Hotelling PCA

In Hotelling PCA, r principal components are derived one by one using weight w,, where

ww, =1 and ww, =0, for i# j. Eachcomponent ZW, is determined successively to

1 ’
maximize variance —(Zw,) (Zw,.). Ten Berge et al. explain that Rao (1973) rederived
n

equation (6) as a criterion for simultaneous derivation of r principal components in Hotelling

PCA.

tr{l(zw)' (zw)} = 1r(WRW), (6)
H
where

W=lw-w], WWwW=I, )
and

1
R =—Z'Z is the correlation matrix of Z.
n

I propose that ZW should be considered to be an orthogonal projection of Z. rather than
a matrix of mere linear combinations of the columns of Z. When Zw, is interpreted as a
orthogonal projection of Z onto a one-dimensional space W,, a natural extension of Zw,

to r -dimensional space is an orthogonal projection ZP of Z by an orthogonal projection
matrix P ofrank 7. In this extension by an orthogonal projection, the criterion is given by

the following equation:

n

rr{l(ZP)' (ZP)} =r(P'RP), (8)
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where
PP=P, P'=P and rank(P)=r. 9)
(6) and (8) are of the same form except matrices W and P. But, conceptualizations are
quite different. In (6), ZW is a matrix of linear combinations of Z. and the constraint
W'W =1 is imposed to prevent the components from coinciding with each other (ten Berge

et al. 1996, Pp. 336-337). As for (8), the constraints (9) are used to represent that P is an
orthogonal projection matrix of rank ». (8) represents r-dimensional dispersion of the
projected data points around the origin in the k-dimensional space. The orthogonal projection

matrix P which maximizes (8) is derived in the following section.

Optimal Orthogonal Projection

To seek the optimal orthogonal projection, let consider the singular value decomposition

1
(SVD) of TZ . Put the SVD as follows:
R

Lo 0T,
! : Vi
——Z=UAV'=[U,U,
/s V;
0 AT
Then we have
R=1ZZ-VAV' = AVV 4ot VY

n

Hence, from (8), we have

zr{l(ZP)' (ZP)} = (P'RP)

n
=P (Bvvi+ 2y VP
= thrkv;P)(V{P), }+ et lftr%v’SP)(vLP)’ }
= ZVP[ o+ 2]V P

SE et A,

since, in general,

|

VP

< Hvi“2 =1 for an orthogonal projection matrix P.
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Because
rank(P) =r,
we can get as the maximum value of (8)
Ado+ 2
when
vi=viP, ..., v.=VP.

That is, the optimal orthogonal projection matrix P is given by

1

P=[v,-v] i |=VV/

y

For more details, see the appendix.

Principal Components

A point in projection ZP can be represented by coordinates corresponding to any basis of

ZP . One of possible bases is {vl,---,vl,}. When we adopt this orthonormal basis

{v1,~ -, v,}, coordinates of the points in  ZP are given as follows:

ZP[V1 "'Vr] =n" [U‘UZ]A{:/]I,JVIVI'VI
2

=n" [U1U2]Am

A 0
=n""U, E
0 A

=n"[Au;- 2, ]
Standardizing the above coordinates, we get the so-called principal components C, where
C=2ZPv,---v,]A =n"U, (10)

Now, put
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A 0 /11 O /?“H] O
A:{O] A},A]: and A, =
’ 0 A, 0 A,
Then rewriting ZP as follows
A OV
zp=n"[uU,] " A
0 A,|V!
A 0TI
-n"[uu,] g\
0 A,
. AV
_n‘/‘[U,UZ{ 6 ‘}
=n"UA,V/,
We get
ZP =»n"U (A, V)) (11)

Comparing (11) with (10), we have
ZP=C(AV)).

Hence, denoting the pattern matrix for the principal components C by P_, we have

P, = (AIVI,) =VA,
and

Z=7P+Z(1-P)

=CP, +Z(1-P)

Because P is an orthogonal projection matrix, we have
(zP)z(1-P); =(CP, JZ(1-P)} =0
That is, columns of ZP and Z(I - P) are orthogonal (uncorrelated). From this orthogonal
relation, we have following Pythagorean equation
r(Z'Z)=1tr {(ZP) (ZP)}+ tr {(Z -2P)(Z- ZP)}

The above equation shows maximization of triZP) (ZP)} (Hotelling PCA) is equivalent to
minimization of ¢r kZ - ZP) (Z - ZP)} (Pearson PCA)(Kiers, personal communication, 2006,
Aug.).

The structure matrix S is given as follows
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S Z—I—Z'C
n
A 0 (U
=1 [V1V2 l : (nl/zUl)
! 0 A, |U;
= VA,
=P

Rotations

Any basis {bl,-‘-,br} of ZP can be represented by transformation of the basis

{V] RS } Hence, for some nonsingular matrix T, we have

From (11), we have

ZP=n"U (AV))

b

=C| AT :
b’ ]
b

=(caT)
b

Hence, coordinates C, of ZP for a rotated basis TV, by rotation T, which may be
oblique rather than orthogonal, are given by
C,=CAT"
To seek the pattern matrix P, for the rotated components C,, consider the following

equations:

ZP=CP/,
=CAT'TA]'P,
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=C(TA P,

al

Hence, we have

P, =(TA'P,) =P,A'T

at

The structure matrix S, for rotation T is derived as follows:

1
S, =—Z'C,
n

_Lzear
n

=SA,T"
=P, A T(T') AAT

:m@nﬂﬂmTﬂ

Summary

Principal component analysis (PCA) is interpreted as an orthogonal projection of data Z.
Rotation in PCA is considered in this projected space and interpreted as transformation of
coordinates of projection ZP, which accompanies with change of a basis of ZP. The
so-called principal components are coordinates of ZP for the special basis, which consists of

the right singular vectors V, of Z. Any other bases than V, are also valid for ZP.

Transformations between bases are not constrained to be orthogonal. They can be oblique

from the projective point of view presented in this paper.

Appendix

Ten Berge (personal communication, June 21, 2006) pointed out that the maximum value of
(8) can be given by generalized Kristof theorem (ten Berge, 2005, pp. 28-29).  First, transform
(8) as follows,

r(P'RP)=r(P'VA'V'P)=1r(VPP'VA?)

V and P are suborthonormal (s.0.), so V'PP'V is also s.o. (property 2 in ten Berge,
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2005, p. 28). Rank of V'PP'V satisfies the following relation,
rank(V'PP'V) < rank(P)=r
Hence, applying generalized Kristof theorem to t}’(V'PP'VA2 ), we have
1 ! 2
W{4mﬂum%:WwTPVAﬂsﬁ+m+ﬁ
n

In the following, I present a proof of the above relation, which is based on the fact that P is

an orthogonal projection.  This proof would give the reader more concrete image.
Since P is an orthogonal projection matrix and mnk(P) =y, we can put
!
P

P=[p,p,

’

p,
for some orthonormal column vectors P, s (Golub and van Loan, 1996). Then we have

ViP=vpp ++vpp,

viP[ =(vip, )+ +(vip, )

|

\VLP

IR s

F=(vip,f ++(vip, ) +

+(vip S+ (vip, )

Noting that .
(vip, foo e i F=Gow e lpiv, F=pim | <t
where
P, =VV' s an orthogonal projection matrix,
we have
O i T e X

To maximize

1

n{{mﬁ@ﬂ}:ﬁh&ﬁ+m+ﬁ
n

2

f
v P

under the constraint

VP <t and VP[] + 4 [viR] <

consider the following problem:
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Maximize the function

f(ala""as):/lza +"'+/12,a y 112 ZZ&? >0

T s8
under the constraints

0<q <1, a+--+a <r

First, we can assume
a+---+a =r,
which is shown as follows:
if a +--+a, <r,thenwecanfindan g, suchthat g, <l andput
a,=a,+&,where €= min{l —a,.,r—(a1 +---+as)}.
Replacing a, by a,,we have
f(al,...,al,...’ax)< f(a]’...,all’...,ax).
From the above discussion, we can assume

a,+-+a, =r.

MOI’GOVCI’, we can assume

a==a.=1,a, = =a,=0,

Is r+l s
for which f (al,---,aly) takes its maximum value under the constraints. This can be seen

from the following discussions.

If a <1,then wecanfind A, suchthat @ >0, i>1 andput
a,=a,+&, a,=a,—¢,where 8=min{1—al,a,}.
Replacing a, and a, by a,, and a, respectively, we have

.f(al"“’an""as)gf(anv""an""’as)
Hence, we can assume

a=1.

If g,=---=a,_ =1 and a,<1, 1<j<r thenwecanfind a, >0, j<i andput
a,=a,+&, a,=a,—&, where g:min{1~aj,a,.}.

Replacing a;, and @, by a, and a, respectively, we have
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f(a]’...’a/,...’al’...’as)gf(al’...’aj]’...’ail’...,ax)
HBHCC, Wwe can assume

a, =1, 1<j<r

From the above discussions, we can choose g, s, which maximizes f(a] ,---,as) under the

constraint
0<a <1, a+-+a <r,
such that
a, = :ar:l’ ar+]: :ajzo
Now, putting
P= V1V1, >
we have
2 2
CIl:”V;P‘ :l, ’ar:~vlr[’l :1,
2 2
T N
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